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The Black-Scholes formula has been derived many ways. One we find appealing was sug-
gested by Rubinstein (1976): assume that the underlying and the pricing kernel are jointly
log-normal. Unlike the original, this does not require deterministic interest rates and is
therefore easily applied to fixed income. The analysis consists of evaluating integrals of
log-normal random variables. It’s tedious at times, but involves no particularly advanced
mathematics.

1 Option Overview

General theory. Consider the price at date t of a European option with maturity n periods
and strike price K. (The length of a period is h years, but that need not concern us now.)
If 5 is the spot price of the underlying, the call generates a cash flow at ¢t + n of

(Stn — )T,
where 7 = max(z,0). The call price satisfies
i = By [Mt,t+n(5t+n - K)Jr] : (1)

This formula is completely general, in the following sense: in any arbitrage-free environment,
there exists a positive random variable M making it true.

Put-call parity. A put option with the same strike K generates a cash flow at ¢t + n of
(K — St

Its price p satisfies
G- p = WF - K). (2)

All the relevant features of put prices can be derived from calls using this relation. Logic:
We can lock in a fixed price at t + n two ways. The first is to buy a forward contract, which
costs F" at t + n or b} F at t. The second is to buy a call and sell a put at the same
strike. The cost is pf — ¢} plus the present value of the strike price, namely b7 K. If the
two approaches cost the same (an arbitrage result), put-call parity is the result.

The formula. The Black-Scholes formula and its many relatives are special cases of (1).
Our favorite version is

= bPFrO(d) — 0K ®(d — w) (3)



where

by = n-period discount factor
I = forward price of the underlying
® = cumulative normal distribution function
w? = Var; (log Siyn)
P log(F/K) 4+ w?/2
w

This is a little different from the original, but captures the same information.

2 Log-Normal Formulas

Normal random variables

If @ ~ N(p,0?%) (we say: “x is normal with mean g and variance 02”), then its density
function is

flo) = (ro) ™ exp [—(a — p)?/207]
Normal random variables like z have positive probability over all real numbers, including
negative ones. Note that f is a legimate density since it’s positive and integrates to one:

/_O:o fla)dz = 1.

The “standardized” variable z = (z — p)/0 is N(0,1), so it has density function
f(z) = (2m)exp(=2%/2).

Graphs of both functions are examples of the familiar bell-shaped curve.

Suppose we are interested in the probability that z < z* for some arbitrary choice of z*.
Given the relation between z and z, this is the same as z < 2* = (2" — p)/o. (If o were
negative, we’d have to flip the inequality.) Its value is given by

*

o(z") = (2%)_1/2/2 exp(—22/2)dz.

— 00

There’s no simple formula for ®, but it comes up often enough that we give it a letter
to identify it. In any case, its value is easily computed for any given z*. Since f(z) is
symmetric [f(z) = f(—=z)], the probability that z > z* is

*

(Draw a picture of the area under the density to see how this works.)



Mean of a log-normal random variable

Suppose z = log X ~ N(p,0%). Then we say X is log-normal (short for “the log of X is
normal”). Log-normality is useful in many contexts, since it has the same convenience as
normality yet ensures that X is positive (think of an asset price).

Formula 1. What is the mean of X = e¥? The answer is
E(X) = ekt 02
Let’s show why. The expectation involves the integral
E(e") = (2mo®) /2 /Oo Fe—(@ =)’ 207 g,

We can rearrange the exponents as follows:
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(This is an old trick called “completing the square.”) Then the integral becomes

E (%) ol + o?/2 « (271_0_)—1/2 /Oo (T —p— 02/2)2/202(190

— 00

_ Mt a2 (4)

(The part that follows the “x” is the integral of a normal density, namely one.)

Multivariate normal random variables

Suppose z is a vector random variable of dimension n. If # ~ N(y, X)), then

f) = @a|s)™ exp [~(z — )5 @ — p)/2]

You’ll need to have some familiarity with basic linear algebra to follow this. Here u is a
vector, & a matrix, and |Y| the determinant of X. If # is two-dimensional, we might write

H:[’“],z:["% ‘7122].
H2 012 Oy
Then

S| = ojo; —(012)°

2
-1 _ 2.2 271 ) —012
by = [oy03 — (012)°] l — o1y a% ] .



Two more integral formulas

Formula 2. Suppose X = (X3, X3) is bivariate log-normal, meaning = = log X is bivariate
normal. Consider an integral like

E(XXa 2 K) = Qa2 [© [ e [~ - 0TS e - p)/2] desdan.
r1=—00 Jog=log K
(This should look vaguely like (1), which is where we’ll put it to work.) The answer is
E(X1|X: > K) = E(X))®(d), (5)

where

Mo — 10g K 4+ 019
g9 '

d =

Intuition: If Xy and X, were independent, the answer would be the product of F(X;) and
the probability that Xo > K. If 615 = 0, that’s what we have here. The more general case
covers the correlation between X; and Xs.

Deriving Formula 2. We approach this as we did F(X), but it’s considerably more tedious.
Note that the joint density can be expressed

flar,22) = flar]e2)f(22). (6)

In this case all the relevant densities are normal: 5 ~ N(u2,03) and (x1|zs) ~ N(aq,br)
with

g
Hl*‘(%)(wz—ﬂz)

a =
2
by = (1—p2)0'%
012
p = :
0109

The first can be thought of as the regression line of 1 on a4, the second the variance of
the residuals from the regression. They can be verified by showing that the densities satisfy
equation (6). Note that when 13 = 0 (21 and x5 are uncorrelated), (aq,b1) = (u1,0%),
which sounds right.

Now consider the integral:
o0

E(X1|X2 > K) = f(902) [/Oo__ 6961.16(901|902)ﬁl901 dxy

ro=log K



We can apply Formula 1 to the expression in brackets:

/ eP1 f(aq]ag)day exp(ay + b1/2)
r1=—0o0

expln + (1= p*)of /2 + (012/03) (23 — p2)]
expl + 07/2 — pPoi[2 4 (012/03) (29 — p2)]
= E(Xy)exp[-p?0}/2 + (012/05)(x2 — p2)].

The integral is therefore

E(X1) x (27“73)_1/2/ 1 I,eXP[(Ulz/Ug)(ﬂﬁz — p2) — 019/ 05 — (w3 — pi2)* [203)dx,
ro=log I
The exponent can be rewritten as

(902 — M2 — 012)2
202 ’

(012/03) (w2 — p2) — 01/ 0F — (22 — p12)* 205 =
which allows us to write the integral as

E(X7) X (2%0%)_1/2/ exp[—(xg — o — 012)? /203 dzs.

ro=log K

If we define z = (29 — g — 012)/02, this becomes
oo 2
E(X)) x (zﬂ)—lﬂ/ =7 124z

with z* = (log K’ — jig — 012)/02. The expression after the “x”is
Prob(z>z") = 1-9(2") = &(-27),

the last step following from the symmetry of the normal distribution. Since d = —z*, that
leaves us with Formula 2.

Formula 3. For the same setting,
E(X1X31X3 > K) = E(X1X2)0(d), (7)
where

to —log K 4+ o12 + O'%
g9 '

d =

This follows from (5) with the change in variables X1 = X1 X3. Eg, we replace Cov(z1,22) =
o12 with Cov(mq + 29, 22) = 012 + 03.



3 Deriving the Black-Scholes Formula

The Black-Scholes formula (3) follows from (1) if (M ¢4y, S¢4y) is (conditionally) bivariate
log-normal. We show this by applying the three formulas above.

Forward prices
A forward contract arranged at t specifies the exchange at a future date t + n of an asset
at a price F}* set at t. The price satisfies

0 = Ey[Miipn (Sipn — F))]

or
Ey (Mt pyn) F' = O F = Et (M40 S5t4n) -

Applying Formula 1 for expectations of log-normals, equation (4), we get

b F! = By (Mig4nSten) = exp(pr + p2 + [U% + U% + 2012]/2)
by = Ei(Myspn) = exp(uy +07/2)
F' = Ey(Mit1nStqn) [Ee(Myii1n) = exp(pg + 012 + 03/2)-

The first and third of these are used below.

Expectations

Turn now to the two expectations in (1). The first is
By (Mt g0 Stanl Stan > K) = by F)®(d)

with

J - po — log K + o149 + o2 _ log(Ft”/K)—l—U%/Q‘

g9y g2
This follows from Formula 3 with (M +yn, Si4n) = (X1, X2) . The second is

Et (Mt7t_|_n|5t+n Z I() I( - b?l&ré(d),

with
g He- log K + 01 _ log(F}'/K) — 03/2'

g2 g2

This follows from Formula 2 with (M ¢yn, St4n) = (X1, X2) . If we equate w with oy, the
Black-Scholes formula (3) follows immediately.




4 Annualized Volatility

Industry practice differs in one respect: volatility is typically expressed as an annual per-
centage. If the maturity of the option is N = hn years, then standard practice is to report

annualized volatility v:
w? = NoZ

In most versions of the formula, volatility w is replaced by it annualized version, N/2v and
multiplied by 100 to make it a percentage.
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